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ABSTRACT A theoretical analysis of the voltage-current relationship is carried
out in a membrane consisting of two fixed charge regions, of opposite sign, in
contact. This is achieved by applying the diffusion equations to this system in
conjunction with the Poisson-Boltzmann equation. The latter has been success-
fully applied by Mauro to determine the profiles of the electrostatic potential
in his treatment of the capacitative property of such a system. It is shown that
the system displays the property of rectification and is very similar in many
respects to a solid state P-N junction diode. It is also shown that for the case of
reverse bias, an electrical breakdown phenomena can occur. This is referred to
as the “punch-through” effect. “Punch-through” was observed in experiments
on the electrical characteristics of the membranes of Chara australis and Nitella
sp. The experimental results are discussed in relation to the theoretical analysis.

INTRODUCTION

The electrical properties of a thin membrane separating two ionic solutions has been
studied fairly intensively. Among these properties studied for the membranes of
biological systems have been the resting potential, action potentials, the voltage-
current characteristics, and the membrane capacitance.

It has usually been assumed that the observed capacitance is simply due to the
separation of two conductors (i.e., the ionic solutions) by insulating membranes.
Hence, by assuming certain values for the dielectric constant of the membrane, the
observed capacitance of about 1 uf/cm? could be explained. However, Mauro
(1962) has recently shown that the transition regions of a double lattice in which
one side has fixed positive charges and the other fixed negative charges, will dis-
play the conservative property of capacitance. He showed that the capacitance in
this case is equal to that of a parallel plate capacitor in which the plates are separated
by a distance equal to the thickness of the “depletion” layer at the transition.
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A comprehensive treatment of some of the electrical properties of single fixed
charge membranes, including rectification, has been given by Meyer, Sievers, and
Teorell (see Teorell 1953).

The voltage-current characteristics of the plasmalemma in Chara cells are ade-
quately described by the Goldman model (Goldman, 1943), but this is not generally
true of other membranes.

On plotting V-1 characteristics (obtained by a current scanning technique) of
the membranes of Chara australis, the author observed that for sufficiently large
negative (i.e., hyperpolarizing) potentials, the current suddenly increases very
rapidly. This is very similar to a dielectric breakdown. The breakdown, however, is
not destructive, as the whole scan can be repeated over and over again to give the
same V-I curves, and the breakdown occurs each time at the same potential. It is
fairly sharp and is very similar to a “punch-through” observed in solid state P-N
junction diodes. The same effect was observed in the V-I characteristics of Nitella sp.

In view of Mauro’s successful application of the Poisson-Boltzmann equation to
fixed charge membranes in relation to the property of capacitance, and in view of
the observed breakdown effect, a theoretical analysis of the voltage-current rela-
tionship of fixed charge membranes has been made, in an attempt to explain the
observed V-1 characteristics, including the breakdown phenomena.

THEORY

The fixed charge membranes to be considered in this paper are those which for
simplicity have a homogeneous distribution of fixed charges. These may be due
to fixed ionized groups attached to a lattice network. It will be assumed that mobile
ions are free to move in a dielectric solution which permeates the lattice network.
It is also assumed that the fixed charges can be regarded as point charges, and that
the lattice network merely serves to fix the charges and does not contribute otherwise
to the electrical properties of the membrane. Both the fixed and the mobile ions
will be considered as singly charged.

Since in most biological systems the membrane separates a solution of ions inside
the cell from an ionic solution of different concentration outside the cell, it is this
type of system that will be considered. Such a system also displays a membrane
potential, V,,.

Throughout this paper the rationalized M.K.S. system of units will be used.

In order to determine the profiles of mobile ion concentration and electrostatic
potential in the fixed charge lattice it will be assumed that all the mobile ions satisfy
the Maxwell-Boltzmann distribution. Consider, for example, the solution lattice
interface region depicted in Fig. 1. For regions where the electric potential is ¥(x):

P(x) = Poe9'¥@-¥(-=)/ET

W{z) =¥ (=~
N(x) —_ Noe+al (2)—~¥(~0) /KT

M
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670 BIloPHYSICAL JOURNAL VOLUME 5 1965



luti s
solution
phase f N*
,' fixed
] charge
lattice

/S Y
X=0
FiGUrRE 1 A single fixed charge lattice which extends from x — O to the right and
contains fixed positive charges. The profiles for the electrostatic potential, ¢, and the
concentration of mobile ions are shown qualitatively. N, = P, is the concentration of
these ions in the solution phase at large distances from the fixed charge lattice (i.e.,
where ¢ = 0).

where P, and N, are concentrations of +ve and —ve mobile ions respectively in the
region where ¥ = ¥(— o); P(x) and N(x) are the concentrations of these ions
at the point x; K = Boltzmann’s constant; T = temperature in degrees absolute; q is
the unit of electrical charge on the ions and the fixed charges, i.e., g = |e].

The next assumption is that the electrostatic potential, ¥, satisfies Poisson’s equa-
tion.

29 _ st @
where p is the charge density in coul/m?®, and ¢ is the electric permittivity, ¢ =
er 20, €r 1S the relative electric permittivity, and ¢, is the permittivity of free space.

If the density of positive and negative fixed charges is N+ and N— respectively,
then, in a region where there are only positive fixed charges,

p(x) — q[POe—a(\I’(Z)—‘P(—w))/KT — Noe‘l-a(‘l’(z‘)—‘l'(—W))/KT] + qN+ (3)

Now assuming that N, = P, in the solution phase at a large distance from the
lattice boundary (this is demanded by electrical neutrality), and also that
¥(—o) = 0, one can, using Poisson’s equation, write:

U _ 2oy ) _ N ] @

dx € KT 2N,

By solving this equation the profiles of ¥(x) and hence also P(x) and N(x) can
be plotted as a function of x, for a given value of N+. Mauro (1962) has shown
that the potential rises very rapidly inside the lattice and falls off much more slowly
in the solution phase. The profiles are shown qualitatively in Fig. 1.

When two lattices of opposite fixed charge are brought in close proximity in an
ionic solution the space charge regions in the solution phase at the boundary of
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each lattice will interact, and with reducing distance of separation the space charge
regions will be forced further into the lattice. In the limit, when the distance of
separation is zero, the space charge will reside completely in the opposite fixed
charge lattices.! This in solid state physics nomenclature is known as an “abrupt
junction.” The profiles of P and N for such an “abrupt junction” are shown in Fig. 2.

The fixed charge lattice to be considered, depicted in Fig. 2, extends from
x=—W,tox = W, (ie., a total width of 2 W,). The region between x = —W,

T ~—g———1 = internal
K % A solution
v )y, N N phase
il fixed charge fixed charge
poy, 3= lattice {attice 7=N;
w0
o N, "2
external R % 7~
solution l/
phase ( ¥
\\ ——————— -I‘
)(:-V/° ‘-530_. X :4-%
Transi-
tion
region

Ficure 2 Double lattice fixed charge membrane in which the region between
x = —W, and x = 0 has fixed positive charges and is in contact with the region
between x = 0 and x = 4-W, which contains fixed negative charges. The profiles for
the mobile ion concentrations and the electrostatic potential, ¢, are shown qualita-
tively. ¢ = O is taken arbritarily at x — 0 as shown. Note that the usual membrane
potential, V=, in this case equals V, 4 V. The profiles for the concentration of mobile
ions do not necessarily cross exactly at point y = 0.

and x = 0 has positive fixed charges, while that between x = 0 and x = W, has
negative fixed charges. The ionic solutions extend to the left of x = —W, and to the
right of x = W, for an infinite length.

In the N— region there will be a predominance of positive mobile ions, Py, and
a minority of negative mobile ions, N,,, while in the N+ region there will be a
predominance of negative mobile ions, denoted Ny, and a minority of positive
mobile ions, P,,.

As pointed out before, the space charge will reside exclusively in the fixed charge
regions for an abrupt junction, so that as long as N+ and N— are large compared to
N, and P,, the fixed charges in the neighborhood of the junction at x = o will be
almost completely uncompensated by the mobile ions. Hence an approximation to
the space charge density in this transition region is given by the density of fixed
charges in the lattice. Fig. 3 is an idealized profile of the mobile ion concentration.

1 For a discussion of space charge regions in these transition regions the reader is referred to
Mauro (1962); Kittel (1957); Le Can ef al. (1962).
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In accordance with solid state physics terminology, the transition region is referred
to as the depletion layer. The depletion layer in Fig. 3 extends from x = —A to
x =+

Using the Maxwell-Boltzmann distribution law, and with reference to Fig. 3, the
values of Py, Ny, etc., can be determined, in terms of P;, N, etc.

Thus,

Pll — P‘e+¢\h/KT and NM = Noe+a‘l'./KT (5)
N, = Ne @Y% and P, = Py /%7 ©

When a bias voltage, V, is applied, the concentration of the minority mobile ion
concentrations N,, and P,, at the depletion layer boundary at x = =X, denoted N;

Deple!ion]
layer

—————— e e e
N, N\ N R
4 \
\ - 3
A AN il
B=N, “l’n— \\ Ny, y
\ g
a \

‘{j \ v,

fe—2)\ E

x=-Who x=0 x=+W,

FiGUurRe 3 Idealized profiles for the concentration of the mobile ions in an “abrupt”
junction. The values of the concentration of the minority positive jons in the N*
region and the minority negative ions in the N- region, at the depletion layer bound-
ary, are denoted by P, and N, respectively. For zero applied bias, P, = Pm and
N; == Nn. When a bias is applied, P; ¢ Pm and N; 5= N, as is shown dotted in
the concentration profile.

and P; respectively, will increase for a forward bias and decrease for a reverse bias,
but will remain unaltered in the fixed charge regions at the solution lattice
boundaries. This is shown as the dotted lines for concentration profiles in Fig. 3.
The electrostatic potential profile is also shown dotted. The effect of the applied
bias on the potential profile is to change the junction potential only, since ¥; and ¥,
are fixed by N—, N+, and N,, P,, and N,, P,, all of which are constant for the system.
This is shown in Fig. 4.

Py and Ny will not be altered by applying a bias, since the change in the ratio of
Py/P,, is taken up by a change in P,, rather than Py since Py > P,, (see discussion
in Appendix A).

Thus, if the minority +ve and —ve mobile ion concentrations at the depletion
layer boundary at x = == are P, and N; respectively, then;

P, = P.e*""" and N; = N, "% ©)
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FIGURE 4 Exaggerated and idealized pro-
files of the electrostatic potential, ¥, for
a double fixed charge lattice, with a zero
applied bias, b, forward applied bias, and

[INZ vall_k 1
‘fﬂ/ f+(1-k)v ¢ reverse applied bias. In each case ¥V, +
1

o=
<

V. is the usual membrane potential V.
V is the applied bias. Note that y. and
¥« remain constant and hence all the ap-

C. Reverse bias

NYI N plied bias appears across the junction.
region| region The depletion layer in each case is shown
shaded.

It can be seen that for a large negative bias, i.e., one that increases the junction
potential,

P, &P, and N; <& N,

In order to obtain an expression for the electric current that flows when a bias
voltage is applied to the system under consideration, it must be remembered that
the applied bias appears almost completely across the junction alone. The mobile
ion concentration profile in the depletion layer then shifts in such a way that the
mobile ions are again in electrochemical equilibrium. The concentrations of the
minority ions at the boundary of the depletion layer, in the N+ and N— regions, are
then P; and Nj; respectively (equation 7). This sets up a concentration gradient of
the minority ions in the fixed charge regions outside the depletion layer. The latter
will cause minority ions to diffuse down these concentration gradients. Simultane-
ously a flow of majority ions of the same sign, from the opposite fixed charge
regions, maintains the values of P; and N; demanded by the junction potential (see
equation 7).

The magnitude of the electric current will hence be determined by the diffusion
rate of minority ions through the N+ and N— fixed charge regions outside the
depletion layer where the concentration of the minority ions now differ from their
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former equilibrium values. The diffusion rate is in turn dominated by the concentra-
tion gradients. (This point is discussed in more detail in Appendix A.)

Considering for the moment the positive mobile ions only (a similar argument
will hold for the negative ions),

:%[P(x)] + Div. &(x) = 0 )

This is just the hydrodynamic equation of continuity, where &(x) is the flux of
positive mobile ions at x.

() = — D, L [P, ©®

where D, is the diffusion constant for the positive mobile ions.
It follows from equations (8) and (9) that

2

2 [P@] = D, 5 [P()] = 0 10)

For steady state conditions, that is when the current is constant,

2 (Pl =0
hence it follows from equation (10) that,
é—j; [P(x)] = constant (11)
If we denote the width of the N+ and N— charge regions outside the depletion
layer by W then,
Wye = Wo — Ay+ (12)
Wy- = Wy — Ax- (13)

where Ay+ and Ay- are the widths of the depletion layer in the N+ and N— lattices.

Using the boundary conditions, P(x) = P,, at x = —W, and P(x) = P;atx =
— and using the above definitions of Wy+ and Wy-, it follows from equation (11)
that;

®(x) = Mﬁ/;—lj"‘) (14)

and hence the electric current density due to the positive mobile ions is given by,

Dp(Pi _ Pm)

T'(p) = qP(x) = ¢ W (15)

A similar expression holds for the current carried by the negative ions in the N—
region, i.e.,
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I = a5 (N = N.) (16)

(A flow of positive ions from right to left is taken as a positive current.)
Substituting for P; and N; in equations (14) and (15), from equation (7), the
current due to the positive ions becomes,

Lt =g ;}’; PaletRT — 1) 17)

The corresponding current carried by the negative ions is given by

Dn +eaV/ET __
W N,[e 1] (18)
The total current density, J is then given by,

JD=q

JT+ = Jp" + Jn+ (19)
— JG[eGV/KT - 1] (20)
where
D,P,, . D,N.
Jo = "[W~+ + WN-]

It can be seen from equation (20) that this system displays the property of
rectification since, for a forward bias, i.e., V positive, the current Jo* increases.
For large values of V' (i.e., such that gV > KT) the forward current is given by,

Jrt = Jee" KT, qV>> KT 1)

For a reverse bias i.e., ¥V negative, the current rapidly decreases and becomes almost
independent of V for gV < KT

ie. Jr (reverse) = Jg, qV K KT

For small values of V, such that gV = KT, the junction behaves substantially as an
ohmic resistance, rectification not becoming predominant until larger values of
|qV| are involved.

The Punch-Through Effect. It can be shown (see Appendix B) that Wy
and Wy- decrease with applied reverse bias so that this will tend to increase the
reverse current and in the limit when Wy+ or Wy- — 0 the current will increase out
of control, which is the breakdown point of such a system.

For simplicity it will be now assumed that N+ and N— are such that Ay+ = Ay- =
A. This point is discussed in more detail in Appendix B.
If Ax+ = Ay- = A, then it follows that Wy, = Wy- = W and hence

W = Wo—k

An expression for A can be obtained by solving Poisson’s equation in the depletion
layer (see Appendix B). This yields,
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_ e(‘P - V) 172
v == [T @)

Hence from equation (20) the current density becomes,

It = 1 I T — 1] 3)

We = [q(ze\(r?l_zvzg/z]uz

Where J¢' is defined by, J¢' = g (DyPw + DuN,.).
For a forward bias (¥; — V) is small and hence X is small and hence W = W, —
A =~ W, and the current essentially increases by the factor

75T — 1]°7ET if qV > KT

For the case of reverse bias (i.e., V negative), the current will at first decrease with
V and when —gV becomes greater than KT the reverse current will become almost
independent of ¥, as before, if W remained constant. As shown in equation (22),
however, W will decrease with increasing reverse bias and hence it follows from
equation (23) that Jo— (reverse) will increase. The exponential factor e?"/X7 how-
ever will swamp the 1/(V)% factor for moderate values of V. When A = W,
however, W — O and the reverse current will then increase very rapidly. In the
limit when A = W,, the depletion layer boundary will be at the lattice solution
boundary and the reverse current will then increase uncontrollably.

The increase in current at moderate values of ¥ may be termed the “early” effect.
The sudden rapid increase in current, when ¥V (reverse) is so large that A — W,
and W —> 0, may be termed the “punch-through” effect.

It can be shown (see Appendix B) that ¥, the junction potential, is given by,

¥, ==—In——+ V. (24)

and hence from equation (22) by substituting for ¥; — ¥V from equation (24),

- Wo_[[“’ - V)+—m§ggo]}

a(N~ + N%)/2

Thus “punch-through” should occur when

tad + 172
e[(,,_ ¥ +K_Tmu_]
W, = q P; N,
° (N~ + N%)/2
If ¢ and N— and N+ for the membrane were known and since P; and N, are

known, it should be possible to predict at what total membrane potential difference,
Vm — V, “punch-through” is going to occur, for a given membrane thickness, 2W,.
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Conversely, from the observed value of V,, — ¥V at which breakdown occurs it
should be possible to estimate a combination of ¢, N, and 2W, for the membrane.

EXPERIMENTAL METHODS

The materials used in the experiments were members of the Characeae, Chara australis
and Nitella sp. The unusual large dimensions of these cells enables the manipulation of
electrodes and material to be carried out with ease.

The cells selected for the experiments were usually whorl cells, 10 to 15 mm long and
1 to 1.5 mm in diameter for Chara australis and approximately 0.5 mm in diameter for
Nitella sp.

Cells used were separated from a filament of cells and mounted on a Perspex mount,
and were irrigated during the course of the experiment with a flowing solution containing
1.0 mN NaCl and 0.1 mN KCI.

Two glass microelectrodes filled with 38 KCl were inserted into the cell, using
micromanipulators. One of the electrodes was used to pass current through the cell
membranes, a silver chloride coated silver wire grid in the external solution being used
as the other electrode.

The second electrode inmserted into the cell was used to measure the membrane
potential difference, using an external KCl-in-agar filled electrode just outside the cell
as a reference. Separate experiments were done with the potential measuring micro-
electrode in the vacuole and in the cytoplasm. Both the current passed and the membrane
potential difference were recorded on a twin channel chart recorder.

The current passed through the membrane was scanned using a linearly increasing (or
decreasing) current supplied by a Miller sweep circuit. A resistance of 10" ohms in series
with the sweep generator insured that the current passed is controlled by the output
voltage of the sweep generator and is not affected by changes in membrane resistance.

<4+

+3 1

+
N

+
~
+

T (milliamps/ cm?)

-200 -150 -100 -50 0 +50 +100 +150

v imillivolts)
FIGURE 5 A plot of equation (23). The thickness of the depletion layer, 2\, was
calculated using the parameters used to calculate W, (see Discussion). J’¢ was chosen
to fit the experimentally observed V-I characteristics; T was taken as 293K. At “A”
“punch-through” occurs.
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RESULTS

Fig. 6 is a reproduction of the V-I characteristics of the plasmalemma and tonoplast
in series (i.e., vacuolar microelectrode) of Chara australis, taken from the chart
recorder. Fig. 7 is a reproduction of the V-I characteristics of the plasmalemma
alone (i.e., cytoplasmic microelectrode). Fig. 8 is the corresponding V-I charac-
teristic of the plasmalemma and tonoplast in series of Nitella sp.

Applied Bias,V, tmillivolts)
o 200 150 100 50

I 3
1 8 t

002. A
0.04

006 |

008 |
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=

~0.2 - + <+
-200 -100 0 +100

V{mv)
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FIGURE 6 A record of the V-I characteristics, taken from the chart recorder, for the
plasmalemma and tonoplast in series (i.e., vacuolar microelectrode) of Chara australis.
A point “A” “punch-through” has occurred. V for this cell was approximately 125
mv (ie., Va — V =~ 300 mv).
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FiGure 7 A record of the V-I characteristics, taken from the chart recorder, for the
plasmalemma of Chara australis. The resting potential difference across the plasma-
lemma was approximately 120 mv, hence Vi — V = 300 mv.
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FiGURE 8 A record of the V-I characteristics, for the plasmalemma and tonoplast
in series of Nitella sp. “Punch-through” occurs at approximately at ¥ = —150 mv.
V= for this cell was 150 mv, hence ¥V — ¥V ~ 300 mv.

The scans cannot normally be done in the depolarizing direction (i.e., V positive)
beyond about 450 mv applied potential bias. This is because these cells will give
action potentials when the membrane is depolarized by more than about 50 mv
(Findlay 1962, Hope 1961, Findlay and Hope 1964).

To overcome this difficulty for depolarizing currents, the cells were sometimes
soaked for about 10 minutes in a solution of 1 mn MgCl,. This lowers the con-
centration of Cat+ ions in the cell wall by exchange with Mgt++. Under these
conditions action potentials cannot be initiated (Hope, 1961).

Whether the cells are soaked in MgCl, or not, the curves for hyperpolarizing
currents (i.e., applied ¥ negative) are of the same form and in every case the break-
down effect can be observed. The breakdown effect occurs approximately at 300
mv, thatis at V,, — V = 300 mv.

DISCUSSION

It can be seen from Figs. 6, 7, and 8 that near the “punch-through’ point the slope
of the V-I characteristics becomes very steep. Beyond “punch-through” a large
change in current produces virtually no change in potential. Comparison of Fig. 6
and Fig. 7 shows that the V-I characteristic of the plasmalemma alone is sub-
stantially the same as that of the two membranes (i.e., plasmalemma and tonoplast)
in series. This is to be expected as the resistance of the plasmalemma is about ten
times that of the tonoplast (Findlay and Hope, 1964). Comparison of Fig. 6 and
Fig. 8 shows that the V-I characteristics, including “punch-through,” of the mem-
branes of Nitella sp. are very similar to those of Chara australis. By comparison of
Fig. 5 with the inset on Fig. 6 it can be seen that the predicted and experimental V-I
characteristics are very similar for regions removed from the “punch-through”
point.
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The experimental curves show that the reverse current increases with increasing
reverse bias (i.e., V more negative). It is interesting to note that the plot of equation
(23) (see Fig. 5) also shows this increase in J— (reverse) with decreasing V' (due
to W = W, — A decreasing, as discussed previously).

The fact that the slope of the V-I characteristics near the “punch-through” point
as predicted by equation (23) is not the same as that found experimentally, is
probably due to an omission of energy terms, such as the particle-particle interac-
tion energy in the Maxwell-Boltzmann distribution law, and the assumption that
the profiles for ¢y and mobile ion concentration near the solution lattice boundary
rise in the lattice to their maximum value in a negligible distance.

If we assume an average fixed charge concentration of 0.1 normal (i.e., 6 X 10%°
charges/m?®), a quite probable value, and if we assume that e = 30 (ep for
water = 80 and ez for olive oil = 3), then using the experimentally observed value
for (V,» — V) at which “punch-through” occurs, we can estimate a value of 2W,.

Thus, at “punch-through,”

s (v = v+ KL M
W, = q P;N, ]
° a(N" + N7)/2

where ¢ = ege,, ¢ = |€] = 1.6 X 10—2° coul.

P; in the cytoplasm of these cells is not accurately known. However MacRobbie
(1962) has developed a technique to analyze the concentration of cations in the
cytoplasm and found that the sum of (K1) and (Nat) was in the range of 100 to
150 mN. The external solution contained 1.0 mN NaCl and 0.1 mn KCl (ie.,
Py =N, = 1.1mN).

Using the experimental value of +300 mv for (V,, — V') at “punch-through”;

2W, = 6.8 X 10°m
~70 A

This value is certainly not an unreasonable value since the membrane thickness has
been estimated by various workers to be approximately 75 A (Briggs, Hope, and
Robertson, 1961).

Further experiments on the “punch-through” effect as a function of the external
concentration of various ions, as well as isotope tracer experiments to determine the
identity of the punching ion or ions are still being undertaken. It is hoped to publish
the results of the experiments at a later date.

It may be pointed out that this derived value for 2W, may be quite erroneous,
since it depends on our choice of ¢ and N— and N+. However, the fact that the order
of magnitude is consistent with other estimates when not unreasonable values of N
and ¢ are assumed in the calculations, seems significant.

It may be emphasized that the model used in this paper is a rather idealized one.
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In actual biological membranes, the Nt — N—, junction need not necessarily be an
“abrupt” one, Ay+ 7 Ay-, and the charge distribution may be such that the lattice
displays selective ionic absorption (see below). These things would complicate the
mathematical analysis of the system. However, the V-1 characteristics of such a
system would be similar, even if not as striking, as that of our idealized system.

A double lattice fixed charge membrane can be successfully applied to deal with
rectification and the observed punch-through effect. This together with the fact that
fixed charge membrane models can also deal with capacitance (Mauro, 1962) and,
as Eisenman (1960) has shown, equilibrium ionic specificity and cellular potentials
seems to indicate that this type of model has much to commend it.

It should be pointed out however that the model as presented in this paper, can-
not, when considered as a Donnan system, explain the sign of the observed mem-
brane potential.

APPENDIX A

When a bias is applied it appears across the depletion layer. This causes an imbalance
in the mobile ion concentrations. Thus for the positive mobile ions the new concentra-
tions will be related to the zero bias ones by the relation

* «V/KT
pP,*  P.e

= 5 —
Py Py

where P,,* and P,* are the new minority and majority positive mobile ion concentrations
respectively.

To satisfy this equation for a forward bias either P,,* must increase or P,* decrease.

However, since P,, <€ Py the increase in the ratio of P,*/P,* when a forward bias
is applied will be taken up by Pn*, as a decrease of P,* in the same ratio would imply
an impossibly large space charge imbalance outside the depletion layer in the fixed
charge lattice.

A similar argument applies for the case of a reverse bias.

Hence it can be assumed that it is the minority ion concentration, P.., that will
increase to P, at the depletion layer boundary in the N* region when a forward bias is
applied, P, being related to P,, by

P, =P eaV/KT
I m

This increase in the concentration of the minority positive mobile ion concentration
at the depletion layer boundary will tend to establish an electric field in the N, region
between the depletion layer boundary and the solution lattice interface. This field in
turn will tend to increase the concentration of majority negative mobile ions at the
depletion layer boundary in the N* region. This in turn will reduce the space charge and
hence the electric field itself. The concentration of these negative mobile ions will in-
crease until the concentration gradient so established is such that their tendency to diffuse
back is just balanced by the weak electric field. At this stage there is no net movement
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of negative majority mobile ions in the N* region. The electric current in the N* region
is hence just due to the diffusion of minority positive mobile ions.

A similar argument shows that the current in the N~ fixed charge region is just due to
the diffusion of minority negative mobile ions.

The diffusion of the minority mobile ions is dominated by the hydrodynamic diffusion.
This can be seen from,

J(-+ve ions) = —gD, %x_) + gP(x)u,E(x)

where u, is the mobility, and P(x) the concentration of the positive mobile ions
(P; > P(x) > P,). E(x) is the electric field at x.

Now since both E(x) and P(x) are small compared to [d P(x)/dx] it can be seen
that the current is dominated by hydrodynamic diffusion.

APPENDIX B

Since W, is fixed by the geometrical dimensions of the membrane and since;
WN+ = W - 7\N+ (1 ,)
WN- = W, 0 AN—

it is necessary to find the dependence of Ay+ and Ay- on the applied bias V, in order to
see how this affects Wy. and Wy-.

The width of the depletion layer can be determined as follows. From Poisson’s equa-
tion the electric potential, ¢, in the depletion region is given by,

=
dx €

ﬁ = p (2/)

Using the idealized space charge distribution depicted in Fig. 3 and since the space
change is almost solely due to the uncompensated fixed charges in the depletion layer,

2
%—f = anN_ for x>0
and x € (3/)
2 +
d¥_ ZaN_ ¢ v <o
dx €
On integration, these equations yield,
N-
Y = M) = Loy
and 4)
N+
¢(x = AN+) = 'qz—e AN-(»Z
But Yix = Av-) = $:i + Vi
and Y(x = Ay+) = ¥ + Vo

H. G. L. COSTER Analysis of Voltage-Current Relationships 683



agN_

hence v+ V= e Ay-
¢ €Y
N+

and ‘/’o + Vo = q2e 7\N+2

In general, for an asymmetric model, i.e., one in which N* 4 N~ and/or the internal
and external ionic solutions are not of equal concentration, Ay- 5% Ay+ In this case elec-
trical breakdown will occur when either \y- or Ay+ equals W, that is when either
Wy- or Wy —> o. The mathematical treatment of this case is rather cumbersome, hence
for simplicity it will be assumed that for the given external and internal jonic solution
concentration, N~ and N* are such that,

XN— = AN"'

Now since P, (= N,) % P, (= N,) in our case, this implies that N~ =4 N*,
So assuming that Ay- = Ay+ = A, and hence Wy- = Wy = W, then from equation
(5’) and from the fact that,

‘l/i=¢i+ Vi+ ¥+ Vo,

_ 94| N+ N
‘pi_exl: 2 ]

Hence the total width of the depletion layer, 2), is given by,

2 - i) ©)

If the junction is biased then as pointed out before the biasing voltage appears almost
completely across the junction.
In this case,

!l’(x:)w—)= v+ Vit Q -8V
Yix = M) = Yo+ Vo+kV

where k is the fraction of the biasing voltage that appears across the N* half of the
junction.

and

7

In this case,
'/’;—V—_-'I’e"" V.'+¢o+ Vo (8')
and hence equation (6”) then becomes
—_ 4€(¢, - V) ]1/2 ’
2= [q(N‘ T2 ®)

It can thus be seen that the width of the depletion layer will decrease with increasing
forward bias and increase with increasing reverse bias (i.e., V negative).

The width of the fixed charge regions outside the depletion layer, for each of the N*
and N~ regions can then be obtained from,

W= Wo_x
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and hence

_ _ e(‘l’i - V) V2 V;
W= W [q(N‘ ¥ N*)/z} (107

In order to obtain an expression for ¥,, the junction potential, it is necessary to solve
equation 4;
viz,

f%ﬂ_mm[.qm@_gq
& e M Tkr T2m,

where N, = P,, is the concentration of mobile ions in the solution phase at large distances
from the lattice boundary.

For large distances from the boundary inside the lattice, [d¥(x) /dx] and [d*¥ (x)/dx"]
—> 0 as x &>+ . Hence from equation (4),

—_— r
KT 2N, (1)
and since

sinh Q‘II’{(;) . %[e-i-q‘l'(z)/KT _ e—qv(z)/xr] (12,)

and also since for N* > N,, the second term in the bracket of equation (12’), is small
compared to the first term, it follows that;

+
1 _+a¥(+0)/KT ., N
2€

~ 2N,

fe.,  Ytw)= ~’fI—T 1n~j—:’,~; (13"

But ¥,, is the limiting value of the electrostatic potential in the lattice, which was
indicated as ¥, for the left-hand side, and as ¥, for the right-hand side. Mauro (1962)

has shown that the electrostatic potential in the lattice rises very rapidly, and hence
rapidly reaches its limiting value. Thus for the left-hand side solution lattice interface,

Kr, N* ,
Vo=l (14)
and for the right-hand side,
KT. N
. o= _— 1 4
Vo= (15)
Thus
KT . N N’ ,
Yot do = - I (16)
From Fig. 3 it can be seen that,
Y, =%, + % + Va (17)

where V,, is the membrane potential, V,, = ¥V, + V..
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Thus from equations (16°) and (17/),

KT . N'N-
¥. = — In + vV 18’
T g PN, " (18)
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